stichting
mathematisch
centrum MC

AFDELING ZUIVERE WISKUNDE ZW 122/79 MEI
(DEPARTMENT OF PURE MATHEMATICS)

A.E. BROUWER & R. TIJDEMAN

ON THE EDGE-COLOURING PROBLEM FOR UNIONS
OF COMPLETE UNIFORM HYPERGRAPHS

Preprint

2e boerhaavestraat 49 amsterdam




Printed at the Mathematical Centre, 49, 2e Boerhaavestraat, Amsterdam.

The Mathematical Centre, founded the 11-th of February 1946, is a non-
pho it institution aiming at the promotion of pure mathematics and its
applications. 1t is sponsored by the Netherlands Government through the
Nethesrlands Onganization for the Advancement of Pure Research (Z.W.0).

‘MOS) subject classification scheme (1970): 05A10, 05B30




: edge-colouring problem nions of complete unifor

3rouwer & R. Tijdeman

ACT

For given n ¢ N and H < ...,0} we investigate wh
o>n of subsets A < {1,2,. with |A| € H possesses a
ctorization). A complete ion for the case H = {1,
ORDS & PHRASES: parallel -factorization, edge col

is report will be submit r publication elsewhere.
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CRODUCTION

Let x be some fixed set of n elements. For H c {1,2,..

2 the hypergraph (x,E) with vertex set x and collectio
E={ycx|lyl eH}.

2 we never need symbols for the vertices of a hypergra
tions of collections of edges, we denote sets of vert
symbols, sets of edges by capitals and collections of
per case script letters.)

#hen H is non empty its largest element is denoted by

{n}

ite Kz instead of Kn , the complete h-uniform hypergr
. When H = {1,2,...,h} then, following Berge and Johns
r KE, the hereditary closure of the complete h-uniform
tices.

BARANYAI [1] proved that KE has a l-factorization if a
ND, BERGE & JOHNSON ([2], [5]) then considered the cas

solved for h £ 4 and in several other special cases. O

~

EM 1. Kz posseses a l-factorization exactly in the fol

n < 2h and ﬁz—h—l 18 1-factorizable (or n-h-1 < 0)
n=%kh+4£, k=2, -1 <£<h-2 and

(iia) £ = 0 and k = h-2
or (iib) £ = -1 and k = }h-1.

[Note that in case n = 2h or n = 2h-1 the conditions g
ii) agree.]

In the course of proving this theorem we derive many r
H. (Theorems 2 and 3 reduce the problem to the cases n
with k = 3. Now we have:

et n = kh with k 2 3 and h-1 ¢ H. Then Ki is 1-factori
nly if either k =2 h-1 or (k = h-2 and h-2 ¢ H).

et n = kh-1 with k > 3 and h-2 ¢ H. Then K. is I-facto
nly if h-1 € H and k 2 {h-1 and m(H) is odd,

the notation m(H) is explained below.)

se

{h}

on

In.

1t

i)

en—

nd




\11 the existence results follow from Baranyai's theorem, which rough-
7s that a 1-factorization exists if (and only if) the numbers fit.
cecise statements of this theorem see [1], [3] or [4]. It implies that

ictorization exists if and only if there exist non-negative numbers

ith i = 1,...,t and j € H such that Z§=l Cij = (?) for j € H and
jci. =n for i = 1,...,t. (For this application of the theorem see
3] or [5].)

. ~3 , . . 8 8 8

Tor example K8 is 1-factorizable, since (1) = 8, (2) = 28, (3) = 56

1e can realize a l-factorization consisting of one 1-factor containing

ight singletons, and 28 1-factors each containing two triples and a

)n the other hand, as was remarked by R.M. Wilson, ﬁ; is not 1-factor-
> since (Z) =17, (;) = 21, (;) = 35 and any l-factor not containing a
aton must contain two pairs and a triple, so that there are at most
iples in a 1-factor without singleton and at most 14 triples in a 1-

r with singleton, which leaves 11 triples not in any l-factor.

All the non-existence results are proved with a similar argument:

> that there exists a l-factorization F of Ki. For each l-factor P € F

n(g) :='nP(g) 1= I{a € P[ la] = g}l.
se that G ¢ H and that for each P € F we have

I am@ =z ] a@).
ieH jeG

it follows that-

inequalities on binomial coefficients we then derive a contradiction.
in the above example n = 7, h = 3 we have n(3) < 2n(1) + in(2), hence

(;) < 2-(?) + %(Z) = 24}, a contradiction.]




XILIARY LEMMA'S

Let g, h, k, n be positive integers with k = 2.

1. Let n > kh-1 and g < h. Then (Z) < (k-1)87P¢

. Use induction on h-g. If h = g the lemma is tr

no. _ g n h n 1 n

(g-1) = mmgs1 (@ et P w7

des the induction step. 0
h-1 n h n
_g. Let n = 2h, Then Zi=0 (i) < E:EH:T (h).
. n h .jm

. As before we find (h—j) < (E:E:T) (h), so that

h-1 ) .

n h j.n, _ h n
LG < .Z ey DA IO TS R
i=0 j=1

We shall use these lemma's throughout the sequel

ence. In Section 5 we shall use the following ob
3. Let p, q, m be positive integers with (p,q)

m
(p>q)

P _ q  _
g ((p,q) 1)((p,q) D

there exist nonnegative integers a, b such that
. Easy exercise. 0

3a. Let p, q, m be integers with p < 0 < q and

gative integers a, b such that m = ap+bq, and o

q

a way that when m 2 0 then a < - 1land b <
o q (pyq) _
m<O0 then a < =4+ and b < P__1.¢o
P (PsCI) (p,q9)

s obtain a + b < maX(EgE',E%g) +q-p- 1.

. Trivial. O

Xt

ut explicit

ilons:

r+bq.

| m. There exist

' choose them in

' ——p—T, and

(psq
ntly we can




. REFLECTION PRICIPLE

M 2. Let n £ 2h. Then K has a l1-factorization <if and only Zf (h = n

L € H) and KE\{h’n_h} 18 l=factorizable.

.First assume n-h ¢ H. Given a l-factorization of Ki\{h’n—h} w

e ob-
. 1-factorization of Kﬁ by adding the 1-factors {a,x\a} for all a c x,
h. Conversely, if there exists a 1-factorization of Kg then suppose
" is one such with the maximum number of 1-factors of the form {a,x\a},
h. Let a ¢ x, |al] = h. If the 1-factor P1 containing a is not {a,x\a}
jay, {a,a],...,ar} and the I-factor P2 containing x\a is {x\a,bl,...,

len
(F\{PI,PZ}) U {{a,x\a},{a],...,ar,b],...,bs}}

-factorization containing one more pair of complementary sets, a con-—

:tion. Hence F contains all complementary pairs {a,x\a} for a c x,
H\{h,n-h}

h, and removing these yields a 1-factorization of Kn

£ h = n one passes back and forth between l-factorizations of KE and
by adding or removing the I-factor {x}.
'inally, suppose O # n-h ¢ H, and assume that KE has a 1-factorization

'h 1-factor in F containing an h-set contains at least two small sets,
n—h

at least one set of cardinality at most 5 Therefore

riting g = n-h, we have for g > 2

n 3g+l n n n, _ /0
@ T g F Qen) = 7 W

i<ig
: |a] denotes the integral part of a; note that g < n-g), while of

n n
Zg M < @

He
IA
Nl—




1e also for g = 1. Contradiction. O

LARY. Let n < 2h. Then ﬁg 18 l=factorizable if and only if ﬁﬁ-h—l

O

This proves case (i) of Theorem 1. From now on we shall often taci

a2 n > 2h.
NEXISTENCE FOR £ > 1

EM 3. Let n = kh+£, k =2 2, 1 < £ < h-2. Then Ki 18 not l-factoriz

H . . .l .
. Suppose Kn has a l-factorization. Each partition (l1-factor) cont
ast one £-set or at least two other small sets (with size <h), and

k h-sets, i.e.,

h-1

n n n

() <4k L)+ k().
1=1

Lemmas 1 and 2 we find

1
(k-1)2

1 < 3k( ! +

k-2 )

at k € 4. In fact we found

1 1
+
k—2+£%l (k—l)h'

1 < 3k( 7

ince h = £+2 = 3 this is a contradiction also for k = 4. (One gets

éfa < 4 +2(h-0).)

< 2 +

Now let n = 3h+£. Note that each partition containing an h-set al
ins a set of cardinality at most (2h+4£)/3, while if it contains t
s it must contain a set of cardinality at most (h+4£)/2, and final
contains three h-sets and not two smaller sets then it is

*h + 1xf. Hence

M <+ ™+ ™.
h L ) %+£ L ) g%+£ t
1$—— 1< 3




< e . . n,, .
< h-4 we find (estimating both sums by Zish—Z (i))'

1 h-1 1

V<37 * 2 mems3 " 2

is a contradiction.

or n = 4h-3 we find (in the same way, this time dividing by (hEI))

3h-2 1 h-1
_T;_'S'Z + 2- 7 + 1,
. contradiction.

or n = 4h-2 we obtain (examining the possible partitions of n)

M2 7 G+ + M)

h i<hop T h-2 h-1
hich it follows that

3h-1 h-1 h-1

& 2 Tm T

a contradiction.

he only remaining case is k = 2, But from now similar consideratic

lows that

n n 1 n
@< T D+ Q50 e
h R L 2 1 (h+L)
i<
2
the last term is absent when h+4£ is odd. Subsequently we obtain t

'ing inequalities:

n %kh+£+l) n n 1 n
S (Y YZS DI (I_é(h+ll+l)_|) Y2 7([%(h+ﬂ)_|)’

n-h+1 n h+l+1 n n 1, n
7 G- T G- Q) 3G

£+1 n n, _ £+l . n
h -1 < @ T T G

h-1 < £+1,




gives a contradiction. 0

3y the remark at the end of the previous section, and this t
7 and shall assume henceforth that n = kh+ /£ where k > 3 and
= -1,

EW OTHER NONEXISTENCE RESULTS

iIM 4. Let n = kh, 3 < k < h-3. Then <f Ki 18 1-factorizable,

. Assume Kg is 1-factorizable. A partition containing (h-1)-
either a g-set with g < k or at least two g-sets with k+1 <
n = kh = k(h-1) +k). Hence

k

k n n
(") <= ¥V O o+ Yoo,
L S

K K+l o =(h-k-2) _ k _ h-I
Vs 5ot D * 2 ho7ne3
since h-2 > k+l1:
Kk k+l 1 k1
LS 5 D=1 %1 T2 %2 °

tradiction for k = 5. Returning to (1) we find for k = 4:

10 1 h-1
1 <3534 2 2m3 >
1 2 2

7h+3 - 3(n=9) _ 12h-27 °

h < 4,

tradiction. Hence k = 3. Again examining the possible partit

find

¢ H.

on-




I B I ¢ R Teo JER. o S S IR Teo B

1<h-2

since h = 6,

n n 3e445
h+3 (3 = h+3 (o)) =33 = oy -

(h-1) (3h~4) < 5(h+3),
h < 5,

:radiction. U
ust the opposite conclusion holds when n = kh-1:
M 5. Let n = kh-1, k > 3. If K. s I-factorizable then (h-1) < H.

Sﬁppose h-1 ¢ H. Each partition containing an h-set must also con-
maller sets, hence
h-1

1 n n n n 1
e ® 5L w6l T @

:radiction. O
lore generally we have (for k = 3):

4. Let F be any l-factorization of Kﬁ. For each g € H there are part-

t in F not containing any f-set for £ < g-1.

Assume the coﬁtrary, then there is some element h ¢ H (where for the
.on of this proof we drop the convention that h = maxH) such that any
:ion containing an h-set also contains sets of size at most h-2. Write
1+£ with =1 < £ < h-2 and k > 3. If £ = -1 then the proof of the pre-
theorem produces a contradiction. Hence 0 < £ < h-2. By assumption

)artition containing an h-set also contains a 'small' set, and if it
g s

ns k h-sets and only one 'small' set, the latter must have size £.




tradic

For k
he fol

EM 6.
€ H,

. For
n<h

contai

EM 7.

¢ H.

. Supp

ining

iumber

‘tition

.es

n n h-1 n n
(k-1) .isg—z (i) + (Z) < Soone3 (h) + (K)’
4 £+1 £+1 ,n

n n, _4+l -~ n £+1
3 Q) < Q) =T G < G

£+1 L+4
3% &

O

the conclusion of Theorem 4 no longer holds. But we can

= (h-2)h, and suppose that KE 18 l-factorizable. Then if
h-2) € H.

rtition n = axh + b*(h-1) we have b = 0 (mod h), and,
b = 0. Therefore any partition containing (h-1)-sets

ller sets. Now the conclusion follows from Lemma 4. O

= kh-1, 3 <k < }(h-3). Then <f Ki 18 l1-factorizable

L is l1-factorizable, and (h-2) € H. Consider the partitions

‘sets. Since
(h=2) + 2k-1 < (k+1)(h-2) - 2

-2)-sets in such a partition is at most k. Moreover, such

it contain only h-, (h-1)- or (h-2)-sets since

th

+

b(h-1) + c(h-2)

1 (mod h);

H..
1
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but by (2) a+b+c < k, so that b+ 2c < 2k < h, and it follows that b+ 2c=1

and so ¢ = 0, i.e., the partition did not contain any (h-2)-sets.

Likewise for 2k < g < h-2 a partition n = axh + b*(h-1) + c*x(h-2) + g
is impossible. (Again we find b+ 2c¢c = g+l (mod h) and b+ 2c < h, so b+ 2¢c =

g+l 2 2k+1; but by (2) b+c < k, which is impossible.) Hence

%Z)s%.z @)+%.Z @)+%l%;L

For k 2 5 we find

n n k-1 n k k-1 1 n
(hp) < K i<g_4 G Gy < G ) T G
a contradiction.

For k = 4 the above inequality implies

3h+2 n n 5 2 n
7 G430 T G- um @ T G D G-3) T G God)

(since h =2 2k+3 = 11), and so produces the requiréd contradiction.

Finally, let k = 3, n = 3h-1, h 2 9. By the usual arguments we find

n n n n n n 1 n
< -

where terms (z) with o not an integer are zero. [As follows: If a partition
contains three (h-2)-sets then by n = 3(h-2) +5 it also contains a g-set
for g = 1,2, or 5. If a partition contains two (h-2)-sets then by n =
2(h=-2) + h+3 it also .contains a g-set for g < E%E or two (2%2)—sets. Finally
if it contains only one (h-2)-set and it does not contain a g-set for

%% then it was n = (h-2) + 3*(22;1).] Estimating roughly we find for
+2

S

g =<
g:

Gop) <3 I
g

i<

n n 3g n n
» (i) + (g) < CE:EEIT + 1)(g) < (g+1)

and it follows that
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h=2 < LZE;ZJ ‘1,

a contradiction. g

At this point we have shown that the conditions of Theorem | are neces-

sary. The next section is devoted to the proof of the sufficiency.
5. POSITIVE RESULTS

THEOREM 8. Let n = hk and k > h-1. Then KI; is 1-facotrizable.

PROOF. Use 1-factors of the form

- _h
(h,g)  ©

n + (k ) *h

__8
(h,g)

for g € H\{h}. In order to accommodate all g-sets we need Ng 1= Shﬁgl (g)

such 1-factors for each g, and

1 n g
N == () - ) N (k - =2=))
h k *'h octl g (h,g)
g#h

1-factors of the type
n =k+*h

are needed for the remaining h-sets.

By Baranyai's theorem this setup will produce a solution if
(1) Ng is integral for each g ¢ H
(ii) Ng > 0 for each g ¢ H
(iii) k = TE%ET for each g € H\{h}.

Ad(i): if a and b are integers with (h,g) = ah+bg then

_(h,g) mn, _ n-1
N, = =S (g) = a(g) + bk(g_l)

g

is integral for g € H, g # h. Also, since & N =712 (n—l), it follows

gel g geH “g-1




hat Nh is integral.

Ad(ii): Since Ng S-%(Z) for g < h it suffices to prove that
n 1 n
@z I F&DO.
ut

n h n
g<g—l (g) = ne2n+l (h)’

md for k = 3 we indeed have

1 h 1 k-1
2D T 7w <
For k < 2, h < k+l one may verify directly that Nh > 0.)
soen. 8 _
Ad(iii): h. ) < g < h-1 < k. 0

In fact we proved the more general

'HEOREM 8a. Let n = hk and let k 2 ?Eggj'fbr each g € H. Then Ki is 1-
3

‘actorizable. 0

(Strictly speaking we proved this for k = 3. For k < 2, however, the

g
(h,g) n
vartitions of the form n = gwkg for each g € H.)

rondition < k is equivalent to g|n and we find a l-factorization with

\EMARK. Let n = kh, k = 3. The proof that N, 2 0 did not really use the

h
itructure of the I-factors. Hence "there are always enough h—sets'" or: "if
here is a l-factorization of KII{I with possibly repeated h-sets then there
s a proper l-factorization'. For: a l-factor not containing only h-sets

:ontains at most k-1 h-sets and at least two smaller sets. But we proved

'ROPOSITION 1. Let n = hk-1 and k = h-1 or (k > th-1 and h even). Then ﬁg
s l=factorizable.
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’his proposition is an immediate consequence of Theorem 8 (or Theorem

1id the following proposition.

SITION 2. Let H contain no two consecutive integers, and let H' =
]

1-1)\{0}. Then Zf Kﬁ+] 18 1-factorizable, Ki 18 l-factorizable too.

, Let x' = x U {=} be some set of n+l elements. Given a 1-factoriza-

H . .
f Kn+ (with vertex set x'), remove the point » from each set con-

1 '
1g it. This yields a l1-factorization of K:. od

M 9. If (h-2) € H then Ki(h-Z) 18 1-factorizable.

If (h-1) ¢ H then this follows immediately from Theorem 8a. Hence

1
> that (h-1) ¢ H and let H' = H\{h-1,h-2}. By Theorem 8a Ki is 1-

{h-1,h-2}

rizable and by proposition 2, K is 1-factorizable (note that

- n ' -1 .h-
1-1)2-1 so that Kh ] is 1-factorizable) hence KH = KH U K{h I,h-2}
n+l n n n
factorizable too. g
This finishes the proof of part (iia) of Theorem 1. In fact statement

f the introduction follows from the Theorems 4, 6, 8 and 9.
What remains to be proved in Theorem 1 is the 1-factorizability of ﬁg
= kh-1 and h odd and i(h-1) < k < h-2. The general idea is that just
the above remark for n = kh also here we have plernty of h-sets: each
tion differing from n = (k-1)*h + 1%x(h-1) contains at most (k-1) h-sets
t least two smaller sets. But if the g-sets for g < h-2 are used up,
nly way to get rid of the remaining h-sets is to use the partition
k-1)*h + 1x(h-1). Therefore it is necessary that at this moment the
r of remaining h-sets be exactly k-1 times the number of remaining
~sets. On the other hand, if we keep the numbers of (h-1)-sets and h-
in proportion 1: k-1 then we can never run short of (h-1)-sets, since
umber of h-sets remains positive. (Note that initially (hEI) = EéT (E).)
Looking for partitions n = axh + b¥(h-1) + c*(h-2) with c # 0 we find
= k+1) b+c £ k+1 and b+2c 1 (mod h), so b+2¢c = h+l. With b = 0

o
|h-2]
ve a unique partition

h=ly.p 4 h;l (h-2)

n= (k- 5




L4

ind partitions with b # 0 exist if and only if k = }(h+l), e.g.,

(¥) n= (k- Zhsh o+ 2¢-1) + 2

* (h=2).

lence if k 2 1(h+1) we can first get rid of all the small sets in an almost
arbitrary way, next use l-factors (B) and (y) to cover the (h-2)-sets, where
(B) and (y) are taken in such a proposrtion as to make the proportion of

the remaining (h-1)- and h-sets 1: k-1, and finally cover the rest with 1-

factors (a):
(a) n = (k-1)*h + 1x(h-1).
The case k = }(h-1) will be dealt with separately.
So, let n = kh-1 and h odd, h =2 5, k = {(h+1), {h-2,h-1,h} < H. For
g € H, g < h-4 we use (z) partitions of type
(8) n = (k-3g-1)*h + I*x(h-1) + jgx(h-2) + lxg
if g is even, and of type
(e) n = (k- 3(g+1))*h + }(g+1)*(h-2) + lxg
if g is odd.

If h-3 ¢ H then we cannot use partitions (8) only, since this would

disturb the proportion of remaining h- and (h-1)-sets too much. Therefore,

besides

(8,) n = (k- 3(h-1))*h + Ix(h-1) + 3(h-3)*(h-2) + 1%(h-3)
we also use

(p) n = (k- 3(h=-3))*h + ;(h=-5)x(h-2) + 2x(h-3).

_ h-3 n . s _ oDy
If we take Np i= L2k+h—3 (h—3)J partitions of type (p) and N60 : (h—3) 2Np

partitions of type (60) then we cover all (h-3)-sets, and we have




< 1 () = =Dy (h-D) <0

P
nP(h-B)#O

a partition P, we defined nP(g) as the number of g-set

dp = np(h) - (k=1)ny(¢h-1) and D := z{d, | np(g) # O £
w
h-3 n “on
2 - 7 e <ps ) xk-E5HD,

27 g<hs 8 g4 2 8

g even g odd
h-3 h-5 1. n n
=) "5 kG <D< Gog)
h-2) lnP(g) # 0 for some g < h-3} < % 7o <
: i<h-3

. n n n
-(h_z) < (h_z) - (h—3)

v still some (h-2)-sets left.

| above we would like to make Idp zero by taking a suit
irtitions of types (B) and (y).

-factor of type B then d_, := d_ = k - j(h-1); likewise

B P
. a, b be a nonnegative integers such that ad, + de =

B

such integers follows (by Lemma 3a) from

% (nP(h)-(k—l)nP(h—l)) =k % (th(h)i-(h—l)nP(h—l))

k) (m- ] enp(®) =-k ] g} npe)
P g<h-3 g<h-3 P

*« ] g =-k ] (g:i) =0  (mod (n,h-2))
g<h-3




nd
(dg,d) = (k- §(h-1),k + §(h+3)) = (2k - h+1,h-2) = (n,h-2) | D.

ence if we take a partitions of type (B) and b partitions of type (y) then
dI>= 0, where the sum is taken over all 1-factors chosen thus far.

Lemma 3a guarantees us that we can have

-D+d, -D+d
d, dg

a+b < max( Y) + d —dY -1

B

o that we need at most

h+1

(a+b) ! h-3 | h-5 h+1

1 n n
maxGormn -3 ¥ T R Ges)) DT

IA

n
< (o9)

h-2)-sets, i.e., not more than was available. (Note that h 2 5 implies
hEB) > 4(k—1)2 and h 2 6 implies (h34) > 4k(k-1).) At this moment the num-

er of R of remaining (h-2)-sets is divisible by TE‘%:ii (for:

R(h-2) = (1)) - ] n (h-2)) (0-2) =
P
-1
= n(n_ ) - z (n - z gn (g)) =0 (mod n)
h-3 g#h-2 P
ecause ZP gnP(g) = n(g:i) 2 0 (mod n) for g < h-2 and ZdP = 0) and we cover

_RdY

.él remaining (h—2)-se;s by taking times a l-factor of type (B) and
;E-times a l-factor of type (Yy). Since this leaves ZdP zero, the rest is
one by 1-factors of type (o).

This settles the case k = }(h+1). Now look at the case k = i(h-1),

n = kh-1 = 2kZ +k-1 = (k+1)(2k=1) = (k+1) (h=-2).

‘e use partitions




(k=1)*h + 1%(h-1)

=]
[l

(k+1)*(h-2)

=}
]

)r odd g, g € H, g < h-4:

(k - 3(g+1))*h + 3(g+1)x(h=-2) + lxg

=}
I

(k- $(g+3))%h + 2%(h=1) + }(g=1)*(h=2) + Ixg

=]
I

»r even g, g € H, g < h-3:

=]
|

= (k-1g-1)xh + 1x(h-1) + {gx(h-2) + lx*g
n = axh + bx(h-2) + cx*xg

[hgll, a :=h-2-1lcg, b := 2cg-—h—:—l—.
(Note that cg = h-1 and icg < 3(h-1+g-1) < h-2 so that a, b and c
zative integers.)

[ake 1-factors of types (y) and (S§) with frequencies

_ k+3(g-1)
Ny = et ¢ )
_ k=3(g+1) _
N5 = 2k— ( ) for each odd g ¢ H, g < h-4.
that N’Y+N(S = (g) and N'Y—NG = _— ( ) = (k+])( ) are 1ntegra]_

2k-1 is odd; therefore NY and NG are 1ntegral )

Ne have dY =k - l(g+l) and d6 = —(k+1(g-1)) so that for these 1-

rs ZdP = Nyd + NGdS =0, i.e., the h- and (h-1)-sets remain in th

ct proportion. Take 1-factors of types (e) and (p) with frequencie

2a n
Ns cg+2a (g)




ind
=8 (o -
Np ce+7a (g) for each even g € H, g < h-3.
Note that N +cN_ = () and that N = =8 (%) = KL (™ ly 4o 4 tegral
4 € P g p 2(h-2) ‘g 2 gl
since g is even and h is odd.)
We have d = -ig and d = a so that also for these l1-factors % =
€ P

JEdE-Fdip = 0. Cover the remaining h- and (h-1)-sets with 1-factors of type
(a) and the remaining (h-2)-sets with 1-factors of type (B). (Note that

{ 2= 0: in the other partitions we used less than

B

h-3 z

n n
T iy & 2

(h-2)-sets. Also that it is impossible that at the end some (h-2)-sets are
left: all sets together cover a number of points that is a multiple of n,
ind each partition takes away sets with a total size of n, so that as soon
1s the total drops below n it must have become zero.) This completes the

yroof of Theorem 1. O
More generally we proved:

[HEOREM 10. Let n = kh-1, k > }(h-1), h odd, {h-2,h-1,h} < H. Then KE 18
|-factorizable. g

In order to give necessary and sufficient conditions for the case h
:2ven, {h,h-1,h-2} ¢ H we first need some definitioms.

For an integer i, let i (the buddy of i) be the integer such that for
some j (namely, j = [3i]) {i,1} = {23j-1,2j}.

For H ¢ {1,2,...,n} let m(H) := max{i € H !I ¢ H} if there are i ¢ H
jith 1 ¢ H, and put m(H) = -1 otherwise.

Now we can formulate

[HEOREM 11. Let n = kh-1, k = 3, {h-2,h-1,h} < H. Then Ki 18 1-factorizable
if and only <if

(i) k 2 jh-1, and

(ii) m(H) Zs odd.




. (Necessity).

The necessity of (i) is shown by Theorem 7. Let
even (for if h is odd then m(H) = h), so that n

r contains at least one set of odd size. Consequ

e 1 n, _ n-1, .
rtitions: — deH g(g) = deH (g—l) is at most th
ize:

n . n-1 n-1
I D=1 @+ .

geH & gelH & &

g odd g odd
llows that

n-1 n-1 n-1

C < 7 L)< ),

m-1 i<m=3 i m-2
tradiction.

(Sufficiency.) For odd h the sufficiency is show

en and choose some decomposition H = U {2i-1

2ieF
1((H) = max G odd. We use the following partitions

(k=1)*h + 1%(h-1)

j=]
Il

n = (k- ih+l)xh + (ih-1)*(h-2) +
n = (k- 1ih)*h + 1x(h-1) + ihx(h-2)
n = (k-1h)*h + 2x(h-1) + (3h-2)*(h-2) +

ermore for f ¢ F, £ < h-4:

£ h _
n = (k—(h—’f-j')*h + (—(—1—1—’—f7— ])*f + 1*(f"l)

£ £
n = (k=g ~ Drho (D) ey r £
that (h,f) > 2 when f ¢ F so that k - ——— > k

(h,£)
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1(H) be even. Then
l, and each 1-
the total number

ver of sets of

'heorem 10. Let h
) G with G = § or
» that (h-3) € H):

)

)

: L(h-2-f) =2 1




or £ < h-4. It follows that all coefficients are nonnegative except for
he k - ih in (YO) and (60) in case k = }lh-1. Taking f ¢ F with f < h-4
artitions (B) exactly (fEI) times and (y) exactly

n+l, (h,f) n, _ Kk _ n

imes (note that these numbers are positive integers) we cover all (f-1)-
nd f-sets.

If G = P we do the same for f = h-2 (note that if k = lh-1 then
- (h,f) -1 = 0 so that we do not take (YO) in this case) and finally cover
he remaining h- and (h-1)-sets with partitions (a). [In fact this is Pro-
osition 2 applied to Theorem 8a.]

If G # § we need some (h-2)- and h-sets to accommodate the g-sets with

. € G: For g odd use partitions

€) - n = (k- 3(g+1))xh + ;(g+1)*(h-2) + Ixg.

'or g even, g < 2k-m-1 use

(k = $(m+g+1))xh + 3(m+g+1)*(h-2) + 1xm + lxg,

0) n
ind for g even, g =2 h-m-1 use
m) n = (k- }(m+g+l) + j(h=-2))xh + j(mtg+l-h)*(h-2) + lxm + Ixg.

‘Note that g < m < h-5 so that 2k - (m+g+l) + h-2 > 0; next that we exhausted
111 possibilities: 2k—-m-1 < g < h-m-1 is impossible for g even.)

Take for g € G, g # m exactly (z) times one of these partitions, and
‘hen cover the remaining m-sets with partitions of type (e) (with g = m).
'If h-m-1 < g < 2k-m-1 we take partitions of type (p).) Note that there
ire enough m-sets: each time we cover a g-set with g < m we use only one

-set, and I (g) < (;); also, that we do not use more than

g<m-1]

ny _ k(h-4) . n n
¢ iﬂ%_S () < 1nne8 h-s) < Gh-s)
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e h-sets or (h-2)-sets.

Now suppose k # th-1, i.e., k = }h, so that partitions of type (YO)
60) are available. For i € H we denote by r(i) := (2) - ZnP(i) the
r of i-sets not yet covered at the moment under consideration, and

€ .

r(h) - (k-1)r(h-1) + (1—2h"1)r(h-2) - (k—1+2h_1)r(h—3).

>
]

ally r(i) (2) and A = 0. Taking partitions (B) and (y) in the stated

rtions (for f < h-4) does not change A, while after having taken parti-

(e,p,n) as indicated we have —(h24) < A <0 and r(i) = 0 for 1 < h-3.
Taking partitions (o), (BO) or (YO) also does not change A, while tak-
60) increases A by 2k-—2h_l. Since

hA = hr(h) + (h-1)r(h-1) + (h-2)r(h-2) + (h-3)r(h-3) = 0 (modn)

. is odd, A/(2k—2h—1) = hA/2n is an integer. Hence take (—A)/(Zk-Zh_l)
tions of type (60) in order to make A zero, and then take care of the
ning (h-3)-sets with partitions of type (80).

At this moment

> (k-fh+l =20 (

n

i) %) > 0.

r(h-2) > (2, - Gh-D Q2 - (g s

A = r(h-3) = 0 so that Zh_lr(h—Z) is an integer. Hence take r(h-2)/3h
.tions of type (YO) so as to make r(h-2) = 0. Finally we use partitions
rpe (o) for the remaining h- and (h-1)-sets. This completes the proof

ise k # ih-1. O

The case k = th-1, n = 2k2+-2k-1 is treated along the same lines, but

» we cannot use (YO) and (60), we have to keep track of
I(nP(h)-(k—l)nP(h-l)) and D' = Z(nP(h—Z)-knP(h—B)) separately. (Note
n
(h—2
- treating H\{1} we add the partition

) = k(h23).) We may assume m > 1, since if m = 1 then G = {1}, and

n = n*l
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to complete the l-factorization. This time we us
for f-sets and (f-1)-sets with f ¢ F, £ < h-4; t
(n) for the g-sets, g € G\{m} and then use the f
the i-sets with i € {h,h-1,h-2,h-3,m}:

(a) n = (k-1)*h + 1% (h-1)

(BO) n = \ v ko
(e n = (k-j(m+1))*h + + 3(m+1)*
(8) n = (k-3 (@+3))*h + 2x(h-1) + {(m-1)*
() n = Ix(h=1) + (k=2)*
) © n= 1 *h +  (k=3)%

In order to cover the g-sets for g € G\{m} we us
and less than %(;) m-sets.

Initially D = O and after use of the partit
(n) we have 0 < D < (;).

Taking a l1-factor (80) increases D with d€
a l-factor (8) decreases D, adding d6 = =(k+ 1
more than %(3) 1-factors (8) to reduce D to abo
n-sets left to do so. After this we cover the re

l1-factor (80) when D < 0 and (8) when D > 0 unti
-2k+3 <1 = (k+i(m-1)) <D < k-1I{(m
and

v o n., n
D' = tny(h-2) < k 'Z () < G2y
1<m

and on the other hand

ions (B) and

s (), (p) a

titions for

_3)
+ 1xm
+ l*m
-3)
-3).
(3) h-sets,
), (e), (p)
> 1 and tak
We need no
we have eno

ts by taking

We now have
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D' = ZnP(h—Z) > k;l

(3) > % (Izl) > n+2k+ 3.

we make D' small by taking 1-factors (k) and ()) in proportion 1: k-1
L

n+2k+3 <D <2n+2k+ 2.

= that (k) adds dé = —=(k+2) to D' while di = —(2k+3) so that taking
once and (A) k-1 times leaves D invariant and decreases D' by

) (2k+3) +k+ 2 = n.) Now make D' zero by taking an appropriate combina-
of 1-factors (k) and (A). (Note that (k+2,2k+3) = 1 and (k+1) (2k+2) =
<+ 3 so that this is possible by Lemma 3.) We need no more than 2k + 2
itions of type (k) and no more than [(2n+2k+2)/(2k+2)] = 2k partitionms

gpe (\) so that now
n < =(k=-1)(2k+2) - 2k+3 <D < 2k+k-2 < n,

1D + (h-2)D'" = 0 (mod n), D' = 0 and (h,n) = 1 so that D = 0 (mod n)
therefore D = 0. Therefore we can cover the remaining (h-2)- and (h-3)-
with 1-factors (BO) and the remaining h- and (h-1)-sets with l-factors

This finishes the proof of Theorem 11. O

Because of Theorem 5, statement (B) in the introduction is just a re-

ulation of Theorem 11.
ISCELLANEOUS REMARKS

Up to now we concentrated on the case (h-1) € H. It seems difficult
ormulate a necessary and sufficient condition on H in order that K: be
ctorizable.

A plausible conjecture is that if g ¢ H and KE is l-factorizable, then
s KE', where H' = {i ¢ H| i > g} (assuming of course that n > 2h).
Looking at sets H with small cardinality we have that KQj

n
e, and that Kih} is 1-factorizable if and only if h|n. The next step

is 1-factori-

rovided by
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'HEOREM 12. Let H = {g,h} with 0 < g < h. Ki 18 l1-factorizable if and only
.f one of the following holds:

i) = -1 (mod h) and g = h-1
'ii) n =0 (mod h) and n > (gg,tL)
iii) n = g+h.

'ROOF. If n < 2h then by Theorem 2 K is l-factorizable if and only if (ii)

v (iii). If n > 2h and K is 1- factorlzable then by Theorem 3 and 5 either
= kh or (i) holds. Moreover, when n = kh then (ii) is necessary, since

.f g|n then certainly n 2 szﬁy while if gifn then any partition

h
1 = axh + b*g must contain at least —-— sets, hence again n > 82

g ( h) g~ s g (g,h)
jonversely, (i) is sufficient by proposition 2, and (ii) is sufficient by

‘heorem 8a. gd

Generalizing the necessary part of Theorem 11 we have that if n = kh-1

‘hen for a fixed prime p|h:

# of partitions = ) (¥ ) < # of sets with size not a
g-1
geH
multiple of p = ) M.
pig
geH
'or instance, Kg;0,9,5} is not 1-factorizable. (In fact if K: is 1-factori-
:able and H = {g,h-1,h}, n = kh-1, g < h-1 then (g,h) = 1, and if g' is the
smallest positive integer such that gg' = -1 (mod h) then n = gg'.)
As another example, Kgéo’9’3} is not 1-factorizable, this time because

tach partition must contain at least two 10-sets, but 2 # of partitions >
f%g). (What is wrong here is not so much that (g,h-1) # 1; one may verify
hat for H = {g,9,10} with g < 9 we have that Kgg is l-factorizable exactly

then g = 1 or 3 or 7.)
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